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BIHARMONIC PROPERTIES AND CONFORMAL CHANGES
A. BALMUS¸
Abstract. We construct a new class of biharmonic maps, which are the critical
points for the bienergy functional, by deforming conformally the codomain metric
of harmonic Riemannian submersions such that they become nonharmonic but
biharmonic.
1. Introduction
Let φ : (M,g) → (N,h) be a smooth map between Riemannian manifolds. Its
tension field is given by τ(φ) = trace∇dφ and, for a compact domain K ⊆ M , the
bienergy of φ is
E2(φ) =
1
2
∫
K
|τ(φ)|2vg.
The critical points of E2 are called biharmonic maps. G.Y. Jiang obtained in [11],
[12] the first and the second variation formula for the bienergy, showing that φ is
biharmonic if and only if
τ2(φ) = −J(τ(φ)) = 0,
where J = △φ + traceRN (dφ, ·)dφ is the Jacobi operator of φ, △φ = − traceg(∇
φ)2
is the Laplacian on the sections of the pull-back bundle φ−1TN and RN is the
curvature operator RN (X,Y ) = [∇NX ,∇
N
Y ]−∇
N
[X,Y ], ∀X,Y ∈ C(TN).
Since the Jacobi operator is linear, harmonic maps are biharmonic, so we are
interested in nonharmonic biharmonic maps.
There are results concerning the non-existence of nonharmonic biharmonic maps
when the sectional, or Ricci curvature of N is nonpositive [11], [12], [14]. B.Y. Chen
and S. Ishikawa proved in [7] that there are no nonminimal biharmonic submanifolds
of the Euclidian 3-dimensional space R3 and, similarly, in [4], R. Caddeo, S. Mon-
taldo and C. Oniciuc proved that there are no such submanifolds in 3-dimensional
manifolds of negative constant sectional curvature −1.
The nongeodesic biharmonic curves of surfaces of revolution in R3 were studied in
[5], [6]. In [3] the authors classified the nonminimal biharmonic submanifolds of the
unit Euclidian 3-dimensional sphere S3, manifold of positive constant sectional cur-
vature, and in [4] they gave two methods for construction of nonminimal biharmonic
submanifolds of Sn, n > 3.
A natural way of constructing nonharmonic biharmonic maps is the following
Given φ : (M,g)→ (N,h) a harmonic map, one can conformally change the metric
g, or h, in order to get φ nonharmonic but biharmonic.
The first problem, i.e. the conformal change of the domain metric, was studied
by P. Baird and D. Kamissoko in [2]. They called a metric g˜, which renders the
identity map 1˜ : (M, g˜)→ (M,g) biharmonic, a biharmonic metric and proved that
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on Einstein manifolds the conformally equivalent biharmonic metrics are defined
only by isoparametric functions.
In [15], [16], the author studied a particular case of the second problem, i.e. the
conformal change of the codomain metric, providing a new method of constructing
nonminimal biharmonic submanifolds in spheres. The equatorial hypersphere Sn−1
is totally geodesic, thus minimal, in Sn and under a certain conformal change of the
Euclidean metric of Sn, it becomes nonminimal but biharmonic.
The goal of this paper is the study of the second problem, but, instead of consid-
ering harmonic Riemannian immersions like in [15], we treat the case of Riemannian
submersions with minimal fibres, or, equivalently, of harmonic Riemannian submer-
sions (see [8]). The first result is the reduction of the second problem for harmonic
Riemannian submersions to the study of conformal changes with the property that
the identity map 1 : (N,h) → (N, e2ρh) is nonharmonic and biharmonic. The re-
sults concerning the biharmonicity of the identity after a conformal change of the
codomain metric in the case of Einstein spaces are similar to those obtained in [2],
but we underline the fact that, in general, 1 : (N,h)→ (N, e2ρh) biharmonic is not
equivalent to 1˜ : (N, e2ρh)→ (N,h) biharmonic.
Acknowledgement. The author warmly thanks Prof. V. Oproiu and C. Oniciuc
for useful discussions and ideas.
2. Harmonic Riemannian submersions and conformal changes
We have the following result
Proposition 2.1. Let pi : (M,g) → (N,h) be a harmonic Riemannian submersion
and h˜ a Riemannian metric on N . Denote by pi = 1 ◦ pi : (M,g) → (N, h˜), where
1 : (N,h)→ (N, h˜) is the identity map. Then
τ(pi) = τ(1) and τ2(pi) = τ2(1).
Proof. Let {Xa}
n
a=1 be a local orthonormal frame field on N , then Xa = (Xa)
H is
a local orthonormal base in THM . We can complete {Xa}
n
a=1 with {Xα}
m
α=n+1 ⊂
T VM to a local orthonormal frame field on M .
Using the chain rule for the tension field we obtain
τ(pi) = d1(τ(pi)) + traceg∇d1(dpi·, dpi·) = traceg∇d1(dpi·, dpi·)
=
m∑
k=1
∇d1(dpi(Xk), dpi(Xk)) =
n∑
a=1
∇d1(Xa,Xa) = traceh∇d1
= τ(1).
In order to study the biharmonicity of pi we compute
−∆τ(pi) = traceg∇
π˜∇π˜τ(pi)
=
m∑
k=1
{
∇π˜
Xk
∇π˜
Xk
τ(pi)−∇π˜∇M
Xk
Xk
τ(pi)
}
=
n∑
a=1
{
∇˜Xa∇˜Xaτ(pi)− ∇˜∇N
Xa
Xa
τ(pi)
}
−
m∑
α=n+1
∇˜dπ(∇M
Xα
Xα)
τ(pi)
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=
n∑
a=1
{
∇˜Xa∇˜Xaτ(pi)− ∇˜∇N
Xa
Xa
τ(pi)
}
+ ∇˜d1(τ(π))τ(pi)
=
n∑
a=1
{
∇˜Xa∇˜Xaτ(1)− ∇˜∇N
Xa
Xa
τ(1)
}
= −∆τ(1)
and
traceg R˜(dpi·, τ(pi))dpi· =
n∑
a=1
R˜(Xa, τ(pi))Xa
= traceh R˜(d1·, τ(1))d1·
Thus,
τ2(pi) = −∆τ(pi)− traceg R˜(dpi·, τ(pi))dpi ·
= −∆τ(1)− traceh R˜(d1·, τ(1))di ·
= τ2(1)

Corollary 2.2. Let pi : (M,g) → (N,h) be a harmonic Riemannian submersion
and h˜ = e2ρh, ρ ∈ C∞(N), a conformal change of metric on (N,h). Denote by
pi = 1 ◦ pi : (M,g) → (N, h˜), where 1 : (N,h) → (N, h˜) is the identity map. Then pi
is nonharmonic and biharmonic if and only if 1 is nonharmonic and biharmonic.
3. The biharmonicity of the identity map 1 : (N,h)→ (N, h˜)
The previous result allows us to study only the conformal changes with the prop-
erty that the identity 1 : (N,h)→ (N, h˜) is a nonharmonic biharmonic map.
Remark 3.1. We note that
τ(1) = −e2ρτ(1˜) = (2− n) grad ρ,
so 1 : (N,h) → (N, h˜) is harmonic if and only if 1˜ : (N, h˜) → (N,h) is harmonic,
and this holds when ρ = constant for n > 2. This equivalence is no longer valid in
the case of biharmonicity, (see Example 4.1.(a)), and the study of the biharmonic
equation τ2(1) = 0 is more interesting.
From now on we shall assume n > 2.
Theorem 3.2. Let 1 : (N,h) → (N, h˜) be the identity map and h˜ = e2ρh a metric
conformally equivalent to h. Then 1 : (N,h)→ (N, h˜) is biharmonic if and only if
0 = traceh∇
2 grad ρ+ (2∆ρ+ (2− n)| grad ρ|2h) grad ρ(3.1)
+
6− n
2
grad(| grad ρ|2h) + Ricci(grad ρ)
Proof. We recall some well known results about the conformal changes of metric on
a Riemannian manifold. Denote by ∇ the Levi-Civita connection of the metric h
and by ∇˜ the Levi-Civita connection of h˜. The relation between the two connections
is given by ∇˜XY = ∇XY + P (X,Y ), where the (1, 2)-type tensor field P has the
expression
(3.2) P (X,Y ) = X(ρ)Y + Y (ρ)X − h(X,Y ) grad ρ.
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The curvature tensors of ∇˜ and ∇ satisfy
R˜N (X,Y )Z = RN (X,Y )Z + (∇XP )(Y,Z)− (∇Y P )(X,Z)(3.3)
+P (X,P (Y,Z)) − P (Y, P (X,Z)).
Let
{
Xa
}n
a=1
be a geodesic frame in q ∈ N . As τ(1) = (2− n) grad ρ we get
−∆τ(1) = traceh∇
1∇1τ(1)
= (2− n)
n∑
a=1
(
∇˜Xa∇˜Xa grad ρ− ∇˜∇XaXa grad ρ
)
= (2− n)
n∑
a=1
∇˜Xa∇˜Xa grad ρ.
But
∇˜Xa grad ρ = ∇Xa grad ρ+ P (Xa, grad ρ)
= ∇Xa grad ρ+ | grad ρ|
2Xa
and, using (3.2), we obtain
∇˜Xa∇˜Xa grad ρ = ∇Xa∇Xa grad ρ+
3
2
Xa(| grad ρ|
2)Xa +∇Xa(ρ)Xa grad ρ
−h(Xa,∇Xa grad ρ) grad ρ.
Thus,
−∆τ(1) = (2− n)
{
traceh∇
2 grad ρ+
3
2
grad(| grad ρ|2)
+∇gradρ grad ρ+ (∆ρ+ (2− n)| grad ρ|
2) grad ρ
}
.
In order to determine traceh R˜(d1·, τ(1))d1·, by using (3.3), we first have
n∑
a=1
P (Xa, P (grad ρ,Xa)) = | grad ρ|
2
n∑
a=1
P (Xa,Xa) = (2− n)| grad ρ|
2 grad ρ,
and
n∑
a=1
P (grad ρ, P (Xa,Xa)) = (2− n)P (grad ρ, grad ρ) = (2− n)| grad ρ|
2 grad ρ.
Also, as
P = dρ⊗ I + I ⊗ dρ− h⊗ grad ρ,
where I : C(TN)→ C(TN), I(X) = X, ∀X ∈ C(TN),
(∇XP )(Y,Z)− (∇Y P )(X,Z) = −h(Z,∇Y grad ρ)X + h(Z,∇X grad ρ)Y
−h(Y,Z)∇X grad ρ+ h(X,Z)∇Y grad ρ.
We shall use the last relation for X = Z = Xa and Y = grad ρ and sum. We get
n∑
a=1
{(∇XaP )(grad ρ,Xa)− (∇grad ρP )(Xa,Xa)} = −(∆ρ) grad ρ+ (n− 2)∇grad ρ grad ρ.
Thus,
traceh R˜(d1·, τ(1))d1· = traceh R˜(·, τ(1)) ·
= (2− n)
{
− Ricci(grad ρ)− (∆ρ) grad ρ
−(2− n)∇grad ρ grad ρ
}
.
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And now, as
∇grad ρ grad ρ =
n∑
a=1
〈∇grad ρ grad ρ,Xa〉Xa
=
n∑
a=1
{
Xa(| grad ρ|
2)− 〈∇Xa grad ρ, grad ρ〉
}
Xa
=
1
2
grad(| grad ρ|2).
to conclude, by summing, we obtain (3.1). 
. In order to study the connection between the biharmonicity of 1 : (N,h)→ (N, h˜)
and that of 1˜ : (N, h˜) → (N,h), by using (3.1) and the formula obtained in [2] for
τ2(1˜), i.e.
τ2(1˜) = (n − 2)e
−4ρ{ traceh∇2 grad ρ+ (n− 6)∇grad ρ grad ρ
+2(∆ρ− (n− 4)|dρ|2h) grad ρ+Ricci(grad ρ)
}
,
we get
τ2(1˜) + e
−4ρτ2(1) = e−4ρ(n− 2)(n − 6)
{
grad(| grad ρ|2)− | grad ρ|2 grad ρ
}
.
From here,
Proposition 3.3. If n = 6 or grad(| grad ρ|2) = | grad ρ|2 grad ρ, then h˜ is bihar-
monic with respect to h if and only if h is biharmonic with respect to h˜, i.e. τ2(1) = 0
if and only if τ2(1˜) = 0.
Remark 3.4. In general, condition
grad(| grad ρ|2) = | grad ρ|2 grad ρ
is not satisfied, (see Example 4.1.(a)).
In the following we will use the musical isomorphisms ♯ : T ∗qN → TqN ,
♭ : TqN → T
∗
qN (q ∈ N) in order to express condition (3.1).
Proposition 3.5. Let 1 : (N,h) → (N, h˜) be the identity map and h˜ = e2ρh con-
formally equivalent to h. Then 1 : (N,h) → (N, h˜) is biharmonic if and only if
(3.4) −∆α+
6− n
2
d|α|2 + (2d∗α+ (2− n)|α|2)α+ 2(Ricci α♯)♭ = 0,
where dρ = α (or grad ρ = α♯).
Proof. By using the musical isomorphisms we get (3.1) equivalent to
0 = traceh∇
2α+ (2∆ρ+ (2− n)|α|2h)α+
6− n
2
d(|α|2h) + (Ricciα
♯)♭.
From ∆α = (dd∗ + d∗d)α = dd∗dρ we obtain
(∆α)(X) = −(trace∇2α)(X) + α(Ricci(X)) = (− trace∇2α+ (Ricciα♯)♭)(X)
and thus (3.1) equivalent to (3.4). 
Corollary 3.6. Let 1 : (N,h) → (N, h˜) be the identity map, h˜ = e2ρh conformally
equivalent to h and denote dρ = α. If 1 is biharmonic, then
(3.5) (4− n)d|α|2 ∧ α+ 2(Ricci α♯)♭ ∧ α+ d(Ricci α♯)♭ = 0.
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Proof. As α = dρ, we have ∆α = d(d∗α) and d∆α = 0. By differentiating now (3.4)
it results
0 = d∆α = d(2d∗α+ (2− n)|α|2) ∧ α+ 2d(Ricci α♯)♭
= 2∆α ∧ α+ (2− n)d|α|2 ∧ α+ 2d(Ricci α♯)♭
= 2(4− n)d|α|2 ∧ α+ 4(Ricci α♯)♭ ∧ α+ 2d(Ricci α♯)♭.

3.1. Biharmonic maps and isoparametric functions. Equation (3.4) suggests
the study of the relation between conformal changes which render the identity bi-
harmonic on Einstein spaces and isoparametic functions.
Let (N,h) be a Riemannian manifold and f ∈ C∞(N).
Definition 3.7. [1]. f : N → R is called isoparametric if there are smooth real
functions γ and σ such that
(3.6)


(i) |df |2 = γ ◦ f,
(ii) ∆f = σ ◦ f,
at all points where grad f 6= 0.
Remark 3.8. f is isoparametric if and only if ∀q ∈ N with gradq f 6= 0,
(3.7)


(i) grad(| grad f |) is parallel to grad f,
(ii) grad(∆f) is parallel to grad f.
Indeed, from (3.6)(i), by using |df |2 = | grad f |2, we get
grad(|df |2) =2|df | grad(| grad f |)
=(γ′ ◦ f) grad f.
Thus, in any point with grad f 6= 0 we have
grad(| grad f |) =
γ′ ◦ f
2|df |
grad f,
so grad(| grad f |) is parallel to grad f . Also, (3.6)(ii) implies
grad(∆f) = (σ′ ◦ f) grad f.
Conversely, let g be a smooth function on N . Condition grad f parallel to grad g
away from its zeros insures the existence of g : f(M)→ g(M), with g ◦ f = g. This
remark, together with (3.7)(i) leads, for g = | grad f |, to (3.6)(i) and together with
(3.7)(ii), for g = ∆f , to (3.6)(ii).
Remark 3.9. [1]. Condition (3.6)(i) (or (3.7)(i)) is equivalent to the fact that the
regular levels of f are parallel, i.e. integral curves of grad f/| grad f | are geodesics,
and condition (3.6)(ii) (or (3.7)(ii)) with the fact that the regular levels of f have
constant mean curvature.
Lemma 3.10. Let (N,h) be an Einstein space. If ρ satisfies (3.7)(i) then (3.4)
implies
∆α− F (q, α)α = 0,
with F a real valued function depending on q and α.
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Proof. As N is an Einstein space we have
(Ricci α♯)♭ = c α,
where c is the Einstein constant of N , and (i) implies
d|α|2 = d
(
γ ◦ ρ) = (γ′ ◦ ρ
)
α,
so
∆α = (2d∗α+ (2− n)|α|2 +
6− n
2
(γ′ ◦ ρ) + c)α
= F (q, α)α.

Corollary 3.11. Let (N,h) be an Einstein space and ρ : N → R satisfying (3.7)(i).
If ρ satisfies (3.4), then ρ is isoparametric.
Proof. We will show that ∆ρ is constant along the integral curves of any vector field
tangent to the level surfaces of ρ, condition equivalent to (3.7)(ii). Indeed,
X(∆ρ) = X(d∗dρ) = d(d∗dρ)(X)
= ∆α(X) = F (q, α)α(X) = F (q, α)X(ρ)
= 0,
∀X tangent to the regular levels of ρ. 
Theorem 3.12. Let (Nn, h), n 6= 4, be an Einstein space and h˜ = e2ρh a metric
conformally equivalent to h such that 1 : (N,h) → (N, h˜) is biharmonic. Then
ρ : N → R is isoparametric.
Conversely, if f : N → R is isoparametric, then away from critical points of f , there
exists a reparametrisation ρ = ρ ◦ f such that 1 : (N,h)→ (N, h˜) is biharmonic.
Proof. We will prove that, in these conditions, ρ satisfies (3.7)(i) and so, the con-
clusion follows from the last corollary. Equation (3.5) reduces to
(n− 4)d(|dα|2) ∧ α = 0.
As n 6= 4, this implies X(| grad ρ|2) = 0, ∀X withX(ρ) = 0, and thus the part of
grad(| grad ρ|2) tangent to the regular levels of ρ is zero and (3.7)(i) follows.
Conversely, if f : N → R is a isoparametric non-constant function, we will deter-
mine a reparametrisation ρ = ρ ◦ f of f with α = dρ satisfying (3.4).
If |df |2 = γ ◦f , by choosing s solution of the differential equation s′ = 1
γ
1
2
, we can
reparametrize f such that s = s ◦ f , and |ds|2 = 1. The function s is isoparametric
with ∆s = σ ◦ s, for a smooth function σ. We have
dρ = (ρ′ ◦ s)ds,
∆ρ = (−ρ′′ + ρ′σ) ◦ s.
From here we get
∆α = dd∗dρ = d(∆ρ) = (−ρ′′′ + ρ′′σ + ρ′σ′)ds,
d|α|2 = 2ρ′ρ′′ds,
(Ricci α♯)♭ = c α = cρ′ds.
and, by substituting into (3.4), we obtain a second order ordinary differential equa-
tion in y(s) = ρ′(s)
(3.8) y′′ − σy′ + (4− n)yy′ + (2c − σ′)y + 2σy2 + (2− n)y3 = 0.
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The general theory of differential equations offers local solutions for this type of
problem. Finally, ρ(s) =
∫
y(s)ds. 
4. Examples
In this section we present two examples of isoparametric functions and their
reparametrisation such that the identity map 1 : (N,h)→ (N, h˜) is biharmonic.
Example 4.1. Let N = Rn+ = {x ∈ R
n/xi > 0, i = 1, n} endowed with the canonic
metric and s : N → R, s(x1, x2, ..., xn) =
∑n
i=1 α
ixi, where
∑n
i=1(α
i)2 = 1, αi > 0.
Note that s is isoparametric with |ds|2 = |α|2 = 1 and ∆s = 0. Equation (3.8)
becomes
(4.1) y′′ + (4− n)yy′ + (2− n)y3 = 0.
We will search special solutions satisfying y′ = ay2. We have y′′ = 2ayy′, and
(4.1) is equivalent, excluding y = 0, with
2a2 + (4− n)a+ (2− n) = 0.
We get a = −1 and a = n−22 .
a) If a = −1, then ρ(s) = ln s and h˜ = s2h.
Also, for s = x1 we have
grad(| grad ρ|2) = grad
1
(x1)2
= −
2
(x1)3
e1,
and
| grad ρ|2 grad ρ =
1
(x1)3
e1,
so h is biharmonic respect to h˜, but not conversely.
b) If a = n−22 , then h˜ = s
4
2−nh.
Example 4.2. Let N = Rn be endowed with the canonic metric and s : N →
R, s(x1, x2, ..., xn) =
√
(x1)2 + ...+ (xn)2. s is isoparametric with |ds|2 = 1 and
∆s = −(n− 1)/s, so σ(s) = −(n− 1)/s. In this case (3.8) becomes
(4.2) y′′ +
n− 1
s
y′ + (4− n)yy′ −
n− 1
s2
y − 2
n− 1
s
y2 + (2− n)y3 = 0.
For this, we will search for solutions satisfying y = a/s, with a ∈ R, constant. (4.2)
becomes, excluding y = 0,
(2− n)a2 − (n+ 2)a+ 4− 2n = 0.
The discriminant of this equation is positive only for n ∈ {1, 2, 3, 4}, and n 6= 2, 4
implies:
a) for n = 1, a ∈ {1, 2};
b) for n = 3, a ∈
{
5±
√
17
2
}
.
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